Although jammed granular systems are athermal, several thermodynamic-like descriptions have been proposed which make quantitative predictions about the distribution of volume and stress within a system and provide a corresponding temperature-like variable. We perform experiments with an apparatus designed to generate a large number of independent, jammed, two-dimensional configurations. Each configuration consists of a single layer of photoelastic disks supported by a gentle layer of air. New configurations are generated by alternately dilating and re-compacting the system through a series of boundary displacements. Within each configuration, a bath of particles surrounds a smaller subsystem of particles with a different inter-particle friction coefficient than the bath. The use of photoelastic particles permits us to find all particle positions as well as the vector forces at each inter-particle contact. By comparing the temperature-like quantities in both systems, we find compactivity (conjugate to the volume) does not equilibrate between the systems, while the angoricity (conjugate to the stress) does. Both independent components of the angoricity are linearly dependent on the hydrostatic pressure, in agreement with predictions of the stress ensemble. Granular materials are a collection of discrete, athermal particles. In the absence of an external driving force, these materials relax into a mechanically stable jammed state and cannot move into another configuration since thermal fluctuations are negligible [1] . While these materials are therefore inherently non-equilibrium, preparing a configuration with a strict protocol nonetheless yields different microscopic states with the same, reproducible volume [2] . Edwards proposed that the system volume (a conserved quantity) could be used to write a granular density of states, a corresponding entropy, and a temperature-like variable conjugate to the volume [3] . However, a complete granular statistical mechanics should describe the distribution of contact forces as well as the volumes. Subsequent theoretical advances have proposed that a stressbased ensemble [4] [5] [6] [7] [8] [9] [10] [11] is likely required for a full treatment.
Granular materials are a collection of discrete, athermal particles. In the absence of an external driving force, these materials relax into a mechanically stable jammed state and cannot move into another configuration since thermal fluctuations are negligible [1] . While these materials are therefore inherently non-equilibrium, preparing a configuration with a strict protocol nonetheless yields different microscopic states with the same, reproducible volume [2] . Edwards proposed that the system volume (a conserved quantity) could be used to write a granular density of states, a corresponding entropy, and a temperature-like variable conjugate to the volume [3] . However, a complete granular statistical mechanics should describe the distribution of contact forces as well as the volumes. Subsequent theoretical advances have proposed that a stressbased ensemble [4] [5] [6] [7] [8] [9] [10] [11] is likely required for a full treatment.
In the Edwards ensemble, the volume V plays a role analogous to that of energy in equilibrium statistical mechanics. A granular temperature, dubbed the compactivity, is defined as X ≡ (∂S/∂V ) −1 , and has been successfully measured in models [12, 13] , simulations [14, 15] , and experiments [16] [17] [18] [19] [20] [21] . Similarly, the stress ensemble considers force and torque constraints on individual particles, and writes the density of states as a function of the stress-tensor Σ = r ij f ij , where the r ij are the vectors pointing from the center of each particle to its contacts, and f ij is the corresponding contact force. The conjugate variable is then a tensorial temperature known as the angoricity, and is defined to be A = (∂S/∂ Σ) −1 .
A minimal test of such temperature-like variables is to consider whether they obey the zeroth law of thermodynamics. In experiments and simulations, the compactivity [20] has previously been shown to be equal in different parts of the same packing, and in different packings generated with the same particles under identical conditions. Simulations show this is also satisfied by the angoricity [7, 8] . However, no test has been made of whether two dissimilar systems can equilibrate either X or A. We provide such a test in a real granular system subject to isotropic compression, and find that while the compactivity fails this simple test, the angoricity equilibrates in a temperature-like way.
Our experiments are conducted on a bi-disperse granular monolayer of photoelastic disks resting on a nearly frictionless surface provided by a thin layer of pressurized air. The assembly of particles is comprised of an inner subsystem and a larger bath which differ only in the inter-particle friction coefficient (see Fig. 1 ). Starting from a dilute state, the monolayer is bi-axially compressed by outer walls in a series of short steps. At some global volume fraction Φ, the system jams and for all further steps the pressure on the system increases. Finally, the walls re-dilate to permit large scale rearrangements before the next series begins. By repeating this protocol many times, we generate an ensemble of configurations for which we record particle positions and calculate contact forces using methods similar to [22, 23] . With this information, we calculate the compactivity and angoricity for both the bath and the inner subsystem.
In the canonical volume ensemble [3] , the probability of finding a system with volume V and compactivity X is proposed to be given by a Boltzmann-like distribution
where the density of states is Ω(V ) is defined for an ensemble of jammed configurations, and the partition function is Z(X). The stress ensemble similarly proposes a Boltzmann-like distribution
for the stress-moment tensor Σ; the angoricity A is therefore also a tensor. To calculate either X or A, we use two methods: the method of overlapping histograms [7, 20, 24] [16, 17, 21] . The ratio of P(V ) between two systems is exponential in V and is given by
By taking the logarithm of this ratio, one obtains a term linear in V , where the coefficient is the difference in the inverse temperatures. This method determines 1/X up to an additive constant: 1/X → 1/X +C X . The FDT method also provides a relative measurement. Using the measured variance δV 2 of P(V ), we compute
to obtain values of X, also up to a constant. The calculation of A utilizes equations analogous to Eqn. 3 and Eqn. 4; the tensorial aspects will be discussed in more detail below. Each of these methods is used separately on both the subsystem and the bath, in order to test for equilibration. Our experimental apparatus is shown to scale in Fig. 1 . The granular monolayer consists of 1004 bi-disperse photoelastic (Vishay PhotoStress PSM-4) disks with a thickness ≈ 3.1 mm and diameters d S = 11.0 mm and d L = 15.4 mm, in equal concentrations. The particles are supported on a thin layer of air provided by a steady flow of pressurized air through a porous polypropylene sheet with a nominal pore size of 120 µm. This minimizes the effect of friction between the particles and the surface, but does not otherwise cause significant dynamics once the system is jammed. The sheet is leveled (particles do not drift to one side) and flat (particles do not cluster). The system consists of an outer bath N B = 904 and an inner subsystem N S = 100. Particles in the bath have a friction coefficient µ B ≈ 0.8, while particles in the inner subsystem are wrapped with a thin layer of PTFE tape with a µ S < 0.1.
Images of the particle positions, photoelastic images for measuring vector contact forces, and identification of the subsystem particles are recorded with three separate images captured by a single CCD camera located above the apparatus (see Fig. 1b ). Particle positions are identified using a white light image (see Fig. 1c ), from which the centers are detected with an accuracy of ≈ 0.01d S using a Hough transform. The photoelastic images (see Fig. 1d ) are captured using reflective photoelasticity, in which the silvered back side of each particle reflects polarized light back to the camera. Photoelasticity allows for the numerical determination of the normal and tangential forces at each contact point, as required to measure Σ. Similar to the methods pioneered by [22, 23] , we minimize the error between the observed and fitted image of the particle using a non-linear least-squares optimization. Details and source code are available for download at [25] . The third image is taken using black-light illumination to identify the subsystem particles, which are tagged with ultraviolet-sensitive ink (see Fig. 1e ). The subsystem comprises all low-µ particles which are Voronoï neighbors with at least one other particle in the subsystem. The particles are confined within a square region (maximally 50×50 cm) imposed by two stationary walls positioned by stepper motors, as shown in Fig. 1a . The system is initially in a dilute, un-jammed state, with the global volume fraction Φ 0.6. The two walls bi-axially compress the system by a series of small steps of constant size (∆Φ = 0.0009, equivalently ∆x = 0.3 mm or 0.02 r L ). With each step of the wall, the three images are recorded, and data is collected over a series of volumes corresponding to 0.775 < Φ < 0.805, giving 30 different volumes for each compression cycle. Steps continue until the gradient squared of the force image [26] indicates a pressure threshold has been reached; this reduces the risk of particles buckling out of plane. The walls then redilate to the dilute state, and the particles are then rearranged while maintaining subsystem continuity; this protocol is repeated 100 times.
During the compression phase of each quasi-static cycle, we observe the percolation of force chains at a value Φ perc . As the system is further compressed beyond this point, the contact forces grow in strength and the average number of contacts per particle increases. For the set of 100 cycles, this threshold occurs over a range 0.782 < Φ perc < 0.792, where the width of the distribution is indicative of finite size effects [ 27, 28] . The ratio of un-jammed to jammed systems at a given Φ is shown in Fig. 2d . We define random loose packing as Φ RLP = Φ perc ≈ 0.787 as the center of this distribution. We calculate the distribution of local volumes P(V m ) over clusters of size m, using the sum of individual radical Voronoï volumes obtained from the Voro++ software [29] . Each cluster is defined as the m − 1 nearest neighbors surrounding a central particle. For m = 1, P(V m ) has two distinct peaks which correspond to small and large particles [18] . With increasing cluster size, the bimodal aspect of P(V m ) disappears, but even for large cluster sizes (m > 100), the distribution remains asymmetric and non-Gaussian [18] . In Fig. 2a , we show P(V m ) for three values of Φ with m = 48; the value of m is large enough so that P(V m ) does not show any features arising from bi-dispersity.
In Fig. 2b , we show the ratio P i (V )/P j (V ) where the reference system j is Φ = 0.784. In practice this can be done with any two systems so long as there is sufficient overlap between their histograms. As the ratio of P i (V )/P j (V ) is well-approximated by an exponential in V , the compactivity can be calculated using Eqn. 3. The inverse compactivity, 1/X, is also calculated using FDT using Eqn. 4, where the integrand is approximated using a third order polynomial. Each method determines 1/X only up to an additive constant, which is adjusted so that X RLP = ∞. In Fig. 2c , the inverse compactivity is shown for both the bath (1/X B ) and the subsystem (1/X S ). We find good agreement between X(Φ)
given by the overlapping histogram method and by the fluctuation dissipation theorem. In addition, for 4 < m < 50, we observe X to be approximately independent of m. However, we find that the compactivity of the bath is not equal to that of the subsystem (X B (Φ) = X S (Φ)), even considering adjustments of the additive constant. This represents a failure of the zeroth law for X.
We can take further advantage of the accessibility of both jammed and un-jammed states within in the center of the range of explored Φ. While the Edwards ensemble is not defined for un-jammed systems, we can nonetheless carry out the histogram analysis as performed on the jammed systems. In this regime, we find that the P(V m ) histograms cannot distinguish between the jammed and un-jammed states. Furthermore, the measured values of X decrease continuously from above Φ RLP to below; this is an undesirable characteristic.
The stress ensemble also provides a Boltzmann-like distribution in the stress, as given in Eqn. 2. In the case of frictionless grains, the angoricity A is a scalar due the off-diagonal components in Σ being zero. In any real granular system, friction is present and a shear-free state is not readily obtained. Therefore, Σ is a symmetric tensor with non-zero off-diagonal components and can be reduced to two independent components related to the pressure and shear stress. The pressure angoricity A p and the shear angoricity A τ are conjugate to σ p = (σ 1 + σ 2 )/2 and the σ τ = (σ 1 − σ 2 )/2, respectively [8] , where σ 1,2 are the principal stresses. The average hydrostatic pressure per particle in the system is given by Γ = Tr Σ/N . Both A p and A τ are obtained using the method of overlapping histograms (analogous to Eqn. 3) and the FDT (analogous to Eqn. 4). With each method, A is calculated up to an additive constant so that 1/A → 1/A + C A , where C A satisfies A → ∞ as Γ → ∞.
In Fig. 3a , the local distribution of pressure P(σ p ) is shown for m = 8 on configurations over a range 0.0006 < Γ < 0.0025 Nm. The ratio P i (σ p )/P j (σ p ) is exponential in σ p (see Fig. 3b , similar results for σ τ not shown), as required by the stress ensemble analogue of Eqn. 3. In addition, we observe that the variance of σ p is proportional to m, which is consistent with S being an extensive entropy (see Fig. 3c ). We are therefore able to measure both the pressure angoricity A p the shear angoricity A τ using their corresponding distributions, shown in Fig. 3c as a function of Γ. We find that A p,τ are independent of m for m > 3, as also observed in simulations [7, 8] , and that values obtained from the histogram method (points) and the FDT method (solid line) are in approximate agreement. Finally, we find that for either the shear or compressional angoricity, the values measured in the bath and in the subsystem are equivalent, signifying the angoricity is equilibrating between the subsystems.
Nonetheless, the values of A τ and A p do not match each other, with the shear angoricity growing faster as a function of Γ. We find the angoricity is given by A = b Γ for both pressure angoricity and shear angoricity, where b p = 0.153±0.004 and b τ = 0.450±0.020, respectively. For a twodimensional frictionless shear-free system, the stress ensem- ble predicts b p = 0.5 at the isostatic point [7, 8] . Above the isostatic point, the stress ensemble predicts b p to be a function of the average contact number. The disagreement between the frictional and frictionless values of b p implies friction significantly affects the density of states.
We have measured both compactivity X (conjugate to volume in the Edwards ensemble), and angoricity A (conjugate to the stress tensor in the stress ensemble), in a laboratory granular system using particle-scale characterizations. While we found that while the value of X calculated using the overlapping histogram method was consistent with the value found using the fluctuation-dissipation theorem, it failed to equilibrate between non-identical systems, making it a poor state variable. A similar failure is likely behind previous measurements by Schröter et al. [17] , in which two granular materials with different frictional properties, prepared using the same protocol, were found to have different globally-measured values of X. In contrast, we observed that the temperature-like variable A does successfully equilibrate between a subsystem and bath with dissimilar inter-particle friction coefficients, as would be required in order to have a valid zeroth law. Moreover, we find agreement with the prediction that angoricity should scale linearly the hydrostatic pressure [8] . These successes make angoricity a promising state variable for frictional granular systems.
One downside to using angoricity as a state variable, particularly in experiments, is that its calculation requires the determination of both normal and tangential forces. While there has been a long history of measuring normal forces at the boundaries of granular systems [30] [31] [32] [33] [34] , particle-scale measurements have seen more limited development. Outside of photoelastic particles such as those used here, measurements typically exist only for normal forces, whether the systems are frictional (tangential forces are neglected) [35, 36] or frictionless [37] [38] [39] .
It is possible to understand the success of the stress ensemble over the Edwards (volume) ensemble by considering the underlying physics behind the conserved quantities in each. Under Newton's third law, forces and torques must be strictly balanced at each force contact, while volume is merely constrained globally. As a result, our subsystem differed from the bath not only in the measured X, but more conventionally in the mean local volume fraction.
In fact, the full canonical Edwards ensemble [6] unifies the volume and stress ensembles, where the density of states depends on both V and Σ, and it has recently been argued [40, 41] that the two should not be considered separately. The classic phenomenon of Reynolds dilatancy [42] under which shear induces a bulk expansion similarly suggests that such a coupling is important. Nonetheless, we observed here that angoricity can be independently equilibrated, and future experiments should more fully investigate the relationship between ensembles, the relative importance of shear and compression, and the role of friction on the density of states.
